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Concrete is usually described as a three-phase material, where matrix, aggregate and interface zones are distinguished.
The beam lattice model has been applied widely by many investigators to simulate fracture processes in concrete. Due to
the extremely large computational eﬀort, however, the beam lattice model faces practical diﬃculties. In our investigation, a
new lattice called generalized beam (GB) lattice is developed to reduce computational eﬀort. Numerical experiments con-
ducted on a panel subjected to uniaxial tension show that the GB lattice model can reproduce the load–displacement
curves and crack patterns in agreement to what are observed in tests. Moreover, the eﬀects of the particle overlay on
the fracture process are discussed in detail.
 2007 Elsevier Ltd. All rights reserved.
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Analysis of fracture processes in concrete is a timely research topic. The matter is highly complicated due to
the heterogeneous structure of the material over many diﬀerent length scales. From the nanometer to the
micrometer scale the structure of cement appears to be very heterogeneous. Even at the smallest level, i.e.
the nanometer scale, the structure of hydrated cement appears elusive [1]. Scaling upward towards the
micrometer or millimeter level will bring new elements in the structure, namely the sand and aggregate parti-
cles. Sand and aggregate have typical mineralogical compositions, which makes it interesting to study them at
the microlevel as well. For concrete, however, the interface zone between aggregate and bulk cement paste
appears to be the most important [2]. Therefore, concrete is usually considered as a three-phase material,
i.e. matrix, aggregate and interface zones are distinguished [3,4].
Two main approaches can be diﬀerentiated to deal with fracture processes in concrete. The classical is the
approach where the material structure is excluded, and phenomenological relations between global stress
and strain are determined with the help of experiments. In the second approach parameters of the material
structure are included directly in the formulation. In this so-called microapproach it is important to decide
to what level structure information is incorporated. The second approach can also be regarded as a more0167-8442/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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ture is obtained [3].
There may be two diﬀerent methods to incorporate the material structure. In the ﬁrst method, the details
about the structure can be measured and translated directly into a ﬁnite element mesh. Details about granular
size distribution, interface geometry and so on are used directly [4]. As a result distinct regions of varying stiﬀ-
ness and strength will be present in the mesh. In the other method, the structure information is translated into
a statistical distribution that is subsequently used to assign strength and stiﬀness properties to diﬀerent ele-
ments in a ﬁnite element mesh [3]. For regular lattices, it was shown [3,5] that although the eﬀects of material
structure mimicked by assigning statistical distribution of properties according to Weibull or Gauss distribu-
tion save much computation eﬀort, more realistic results are obtained by projecting directly the material struc-
ture on to the lattice [4]. However, in order to include the interface zones directly, the mesh size, i.e. the span of
beams, must be limited to the same order of magnitude as the interfacial thickness. As a result, this leads to
practical diﬃculties, due to the extremely large computational eﬀort.
In order to solve the problem of computational eﬀort in the existing lattice models, the development of a
new lattice-type fracture model called GB lattice model is the main objective of this paper. Obviously, accord-
ing to the basic idea of ﬁnite element method, the mesh size has to be of the same order of magnitude as the
meso-level characteristic length in order to observe the detailed response at this level. This investigation shows
that, however, the three-phase material structure can be projected directly on top of a regular triangular GB
lattice whose mesh size can be even larger than the maximum aggregate. The key technique is the development
of a kind of two-node and three-phase elements, which are diﬀerent from beam elements, truss elements or
springs commonly used in the existing lattice models. Thus, the three-phase element is called generalized beam
(GB) element, and the corresponding lattice is called GB lattice. A GB element is composed of three beams.
Every beam in GB elements can be a matrix beam, interface beam or aggregate beam. In the beam lattice 10–
100 nodes are usually needed to simulate an aggregate, but just a single node is required to model an aggregate
in the GB lattice. As a result, computational eﬀort is extremely reduced when the GB lattice model is adopted.
In a GB element, the geometrical and material parameters of each beam are calibrated independently. Like
the corresponding work in [4], aggregate beams and matrix beams are taken as Timoshenko beams and their
parameters are calibrated. Whilst interface beams are described by (A1) in Appendix A [6], and real interfacial
properties are assigned to them.
For ideally brittle lattices, as long as a strength criterion is adopted for failure of the elements, a typical
procedure for the lattice simulation is as follows [7–9]. The load is applied gradually and linear elastic analysis
is performed until the element with the highest stress-to-strength ratio reaches the prescribed threshold value
[10]. It is then eliminated and a new analysis is performed after updating the stiﬀness matrix while the applied
load is kept unchanged to check whether another element will fail. If no more elements fail, the calculation is
restarted from zero loads again until the complete failure of the specimen [3,4].
It is interesting to better understand the details of the fracture process in concrete. Firstly, micro-cracking
was caused in the interface between matrix and aggregates by stress concentrations [4,10]. Once the peak-load
was reached cracks localized in the matrix [10], as was also shown by means of photo-elastic coating [11].
Directly following the peak load, a steep drop in load was commonly observed [4]. Usually at several places
along the macro-crack path, it was found that it deviated from a straight path [12]. The ductility of specimens
was also discussed frequently [3,4,10,11]. Here, ductility is deﬁned as the ratio between the energy consumed
during the fracture process after and before the peak [4,10].
In order to solve the problem of brittleness in load–displacement relations obtained from 2D lattice anal-
yses, Lilliu et al. [10] developed a 3D lattice model. This 3D lattice, however, was hampered by a substantial
increase of computational eﬀort. Moreover, the specimen simulated in [10] was so small that it could not be a
representative of the overall material behavior, since boundary eﬀects was expected. Therefore, the 2D simu-
lation may be a more proper choice for qualitative analyses of fracture processes.
In this paper, the eﬀects of the computer-generated particle overlay [3,4] on the fracture process are dis-
cussed in detail. To do so, two groups of numerical experiments are employed. In Group I, all the cases have
a ﬁxed particle overlay and diﬀerent material properties. In Group II, all the cases have the same material
properties and diﬀerent particle overlays, and the number of particles of each size is kept to be unchanged with
particle overlay varying.
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At ﬁrst, the creation of the beam lattice model is recalled. To obtain more realistic results, the material
structure is projected directly on to the lattice [3,5]. In Fig. 1, if both ends of a beam fall in the matrix (aggre-
gate) phase, it is assigned the equivalent matrix (aggregate) properties. If however one of its ends is in the
matrix phase and the other is in the aggregate phase, then it is assigned the equivalent interface properties.
The relationship between the properties of a continuum phase and its representative beams in the lattice is
obtained by the equivalence of strain energy stored in a unit cell under constant strains [4,7,13].
Like the above beam lattice, it is also in a very straightforward way that the GB lattice corresponds to the
material structure. In Fig. 2a, an aggregate is projected on to a matrix GB lattice, with its center lying on node
i. The six elements around node i are partly overlain by the aggregate. These parts are assigned the equivalent
aggregate properties. The interface is simpliﬁed as a thin layer with a rectangular cross-section clinging to the
aggregate. The parts of the six elements overlain by the interface are assigned the interfacial properties.
Finally, the GB lattice including the particle structure is shown in Fig. 2b.
The GB element is apparently a two-node and three-phase element. Every phase of the element is repre-
sented by a beam of corresponding (equivalent) properties. For example, in Fig. 2b, the six GB elements
around node i are all composed of an aggregate beam, an interface beam and a matrix beam. However, it
can be imagined that the GB element which is not overlain by any aggregate is actually one-phase, i.e. matrix
phase. Nevertheless, in order to make up the deﬁciency of the relatively coarser GB lattice, the one-phase GB
elements are divided into three matrix beams of the same span. When a GB element is overlain by two aggre-
gates, the element is actually composed of two aggregate beams, two interface beams and one matrix beam.
For simpliﬁcation, this kind of elements is considered to be composed of one interface beam and two aggre-
gate beams of the same span. In a word, all GB elements are composed of three beams.Fig. 1. Particle structure modeled by the beam lattice model: (a) general particle structure; (b) deﬁnition of matrix, interface and aggregate
element.
Fig. 2. A GB lattice including particle structure: (a) the inclusion of the aggregate; and (b) its corresponding GB lattice.
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tice, but an aggregate just overlays a single node in the GB lattice. As a result, computational eﬀort is extre-
mely reduced in the GB lattice model.
If three beams in each GB element are assumed to cling ﬁrmly to each other and deform together without
sliding, the displacements of two ends of the middle beam in the GB element are completely determined by the
displacements of the two nodes of the GB element, which will be discussed in detail in Section 5. Then, the
degrees of freedom of two ends of the middle beam are not necessarily included in the discrete system of equa-
tions of equilibrium, with the result that computational eﬀort is further reduced.
3. Stiﬀness matrices of matrix, aggregate and interface beams
Matrix beams and aggregate beams are described by Timoshenko beam theory. However, Timoshenko
beam theory cannot describe interface beams, because the aspect ratio of interface beams is usually too high.
In this paper, interface beams are described by (A1) in Appendix A of Bolander et al. [6]. These two kinds of
stiﬀness matrices have the following common expression (Fig. 3):Q1
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T are the generalized force vector and the general-
ized displacement vector, respectively.
Fig. 3. Kinematics and statics of a beam.
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In the following sections, a superscript is added toM in order to declare the material property, i.e.Mm,Ma
and Mi are respectively the stiﬀness matrix of matrix, aggregate and interface beams. When an aggregate is
very small, the interface beams clinging to the aggregate have a relatively lower aspect ratio. In this case, it
is more proper to take these interface beams as Timoshenko beams. However, in the present investigation,
for simpliﬁcation, all interface-phase beams adopt the stiﬀness matrix in (3).
4. Parameter calibration of the regular triangular GB lattice
Spans of three beams of each GB element are determined as soon as the particle overlay [3] is projected on
top of the GB lattice. To an interface beam, the properties of interface material themselves instead of its equiv-
alent properties are assigned. Moreover, the depth of the interface beam can be calculated in the forml ¼ 2di=
ﬃﬃﬃ
3
p ðdi 6 L=2Þ
2ðL diÞ=
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3
p ðL=2 6 di 6 LÞ
(
ð4Þwhere L is the length of the GB element, and di denotes the distance between node i and the middle point of the
interface beam along its span-direction, in the GB element i  j.Fig. 4. A triangular matrix/aggregate GB lattice with a hexagonal unit cell.
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beams. The basic idea is based on the equivalence of strain energy stored in a unit cell (Fig. 4) of a lattice with
its continuum counterpart under constant strainsU cell ¼ U continuum ð5Þ
The detailed process has been presented in [4] to obtain the relationship between the triangular Timoshenko
beam lattice and its micropolar continuum equivalent. In the present investigation, the result of Karihaloo
et al. [4] is used directly in our parameter system (Fig. 4):E
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ð6Þwhere E(b) and E are the Young’s modulus of the Timoshenko beams and its continuum equivalent. h and l are
the span and depth of the Timoshenko beam. t(b) and t are the thickness of the Timoshenko beam and its con-
tinuum equivalent. Moreover,b ¼ 12þ 11m
ðbÞ
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ð7ÞThe second equation of (6) can be rewritten in the formb ¼ 1þ m
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E
1 m ð10ÞIn this investigation, all matrix beams and aggregate beams have rectangular cross-sections, the same aspect
ratio l/h = 1, and the same thickness t(b) = t. The Poisson’s ratio of both matrix and aggregate is 11/40. Then,
from (9) and (10), their equivalent material properties m(b) and E(b) respectively becomemðbÞ ¼ 31
77
ð11Þ
EðbÞ ¼ 80
29
ﬃﬃﬃ
3
p E ð12Þ5. The stiﬀness matrix of a GB element
This section is going to answer how to determine the stiﬀness matrix of a GB element from its three beams.
For the sake of simpliﬁcation and without loss of generality, a GB element composed of one aggregate beam,
one interface beam and one matrix beam is under investigation (Fig. 5).
In the GB element i  j (Fig. 5a), when external generalized forces are applied on node i and j, the relation-
ship between the generalized nodal forces and the generalized nodal displacements can be expressed in the
formFij ¼ Kuij
Fij ¼ Qi Ni Mi Qj Nj Mj
 	T
uij ¼ ui vi ui uj vj uj
 	T ð13Þ
where K, a symmetric matrix, denotes the stiﬀness matrix of the GB element.
Fig. 5. A GB element composed of an aggregate beam, an interface beam and a matrix beam: (a) the GB element; (b) the aggregate beam;
(c) the interface beam; (d) the matrix beam.
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J  j (Fig. 5d), the relationships between the kinematics and statics can be expressed in the forms, respectivelyTable
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1
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er 161 67 86 92 93ﬃﬃﬃ
3=10 cm is the length of the GB elements.
Fig. 6. The computer-generated particle overlay of Group I.
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generalized displacement vector uIJ can be obtained when uij are assumed to be knownTable
Elastic
Case I
Particl
Interfa
Matrix
Case I
Particl
Interfa
Matrix
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Particl
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MatrixMaIII þMiI MiII
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uij ð17Þwhere MaI , M
a
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a
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a respectively,
and the same denotation rule is also used to Mi and Mm. Both A and B are 6 · 6 matrices.2
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-2
e 31,255 10.0
ce 31,255 1.5
31,255 5.0
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Fig. 7. The computer-generated particle overlay of (a) Case II-2; and (b) Case II-3.
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R
uij ð18Þwhere R = A1B.Fig. 8. P–d curves for the cases in Group I: (a) Case I-1; (b) Case I-2; (c) Case I-3.
Fig. 9. Crack patterns directly following the peak-load for the cases in Group I: (a) Case I-1; (b) Case I-2; (c) Case I-3.
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lengthy but elementary calculation, the stiﬀness matrix of the GB element K can be expressed in the formFig. 11
(c) CaK ¼ M
a
I þMaIIRI MaIIRII
SYM ðMmIIÞTRIII þMmIII
" #
ð19Þ6. The algorithm of solution
As pointed out in the introduction, fracture is simulated by subsequent removal of critical elements from a
lattice. Three beams in every GB element are judged whether to be critical independently. Once a beam
approaches criticality, the corresponding GB element becomes a critical element. A criterion must be set to
decide when a beam must be removed. In this paper the maximum tensile stress in each beam is computed
in the following form [3]reff ¼ NA þ a
ðjMij; jMjjÞmax
W
< ft ð20ÞFig. 10. P–d curves for the cases in Group II: (a) Case II-1; (b) Case II-2; (c) Case II-3.
. Cumulative number of removed beams versus dimensionless displacement for the cases in Group II: (a) Case II-1; (b) Case II-2;
se II-3.
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of the beam, and W ¼ tðbÞl2=6 is the section modulus. The coeﬃcient a regulates what part of the bending mo-
ment is considered. In this paper, a is 0.005 [3,4,9,10]. When the eﬀective stress of a particular beam reaches its
tensile strength ft, brittle fracture is simulated by instantaneously removing the beam from the lattice.
7. Numerical examples and discussions
A concrete plate analyzed in [3,4] is used as an example to investigate the eﬀectiveness of the GB lattice in
modeling the mechanical behavior of three-phase materials. Then the eﬀects of the particle overlay on the frac-
ture process are discussed in detail.
The plate is 32
ﬃﬃﬃ
3
p
=5
  32 ﬃﬃﬃ3p =5  cm2. A regular triangular GB lattice having a total of 14234 GB ele-
ments and 4837 nodes is used in simulation. All elements are
ﬃﬃﬃ
3
p
=10 cm long. The span of all interface beams
is
ﬃﬃﬃ
3
p
=100 cm. The particle distribution is generated with the help of function ‘‘ran0( )’’ [16]. Randomly distrib-
uted particles with diameter ½0:4; 1:2  ﬃﬃﬃ3p =10 cm are projected on to the GB lattice. The number of particles
of each size is given in Table 1. All translational degrees of freedom are ﬁxed along the left edge, while a uni-
form tension is applied to the right edge through a controlled displacement. In all the load–displacement
curves, i.e. P–d curves presented below, the units of P and d are N and lm, respectively.
Two groups of numerical experiments are employed, which are denoted as Group I and Group II,
respectively:
Group I. This group includes three cases: case I-1, case I-2 and case I-3. The three cases have a ﬁxed particle
overlay shown in Fig. 6, and diﬀerent material properties in Table 2.
Group II. This group also includes three cases: case II-1, case II-2 and case II-3. The three cases have the
same material properties as those of case I-2 in Table 2, and diﬀerent particle overlays (Fig. 6 for case II-1,
Fig. 7a for case II-2 and Fig. 7b for case II-3).Fig. 12. Micro-cracking distributions at the peak-load level for the cases in Group II: (a) Case II-1; (b) Case II-2; (c) Case II-3.
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Group I. The P–d curves are shown in Fig. 8. The dimensionless P–d curves, where load and displacement
are divided by the values at the peak, are shown in the inset of Fig. 8. Crack patterns at load levels directly
following peak-load levels are shown in Fig. 9.
Group II. The P–d curves are shown in Fig. 10. The dimensionless P–d curves are shown in the inset of
Fig. 10. The number of failed beams versus dimensionless displacement is shown in Fig. 11. Micro-cracking
distributions at the peak-load levels are shown in Fig. 12, where circles and short line-segments denote aggre-
gates and failed elements, respectively. Crack patterns at levels directly following the peak-load levels are
shown in Fig. 13.7.2. Analyses of a representative case
The results of Group I and II have many features in common. Therefore, case II-3 is chosen as a represen-
tative. The dimensionless P–d curve is shown in Fig. 14a. The number of failed beams versus displacement is
shown in Fig. 14b. Crack patterns at typical load levels are shown in Fig. 15. Microscopic path of the macro-
cracks after the peak-load is shown in Fig. 16.
The P–d curve in Fig. 14a shows two main branches, i.e. the pre-peak and the post-peak branch. In the
beginning of the pre-peak regime, the specimen deforms elastically and no failure happens, leading to a linear
elastic stage. After the ﬁrst element has failed at the stage marked with a, the P–d curve shows a kink. The 2D
beam lattice cannot present the kink which has been observed noticeably in 3D simulations [10]. Then the part
a-b follows, which is nearly linear. Found in Fig. 14b, many interface beams fail subsequently during a-b. The
peak-load appears at the level marked with b, and it is the dividing point between the pre-peak and the post-Fig. 13. Crack patterns directly following the peak-load for the cases in Group II: (a) Case II-1; (b) Case II-2; (c) Case II-3.
Fig. 14. For the representative case: (a) the dimensionless P–d curve; (b) the cumulative number of removed beams versus dimensionless
displacement.
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linearity cannot be observed in Fig. 14a, which could be due to the exclusion of 3D eﬀects. In the post-peak
regime the curve shows subsequently a steep drop in load (until the stage marked with c) and a long tail.
Load varies stably with displacement in the pre-peak regime, but in the post-peak regime there are several
steep drops in load (Fig. 14a). This can be explained as follows. The vast majority of fractured beams consist
of interface beams in the pre-peak regime (Fig. 14b and Fig. 12c). Since stronger matrix beams are able to
absorb the released stresses from the removed interface beams, micro-cracking happens here and there before
nucleation of localized macro-crack (Fig. 12c). During b–c, two localized macro-cracks nucleate and extend,
and part of the previously developed cracks is incorporated into the macro-cracks. Multiple macro-cracks
were also observed experimentally [4,12]. The steep drops are associated to the sharp increase of number of
fractured matrix beams (Fig. 14b). This means the macro-cracks mainly propagate in the matrix area
(Fig. 16b) [10]. At the same time, the number of fractured interface elements also increases. The reason is that
the weakest interface beams are not able to absorb the released stresses from the removed matrix beams. As a
result, the fracture process shows high brittleness, leading to the steep drops in load. In the post-peak regime,
the macro-crack extension is frequently deﬂected by aggregates, e.g. at point c, d, e and f (Figs. 15 and 16).
Especially in Fig. 16b, at every turning in the macro-crack path, one or two aggregates can be found.
Additionally, aggregate beams fail during the post-peak process. It is questionable whether the fracture of
aggregate beams can aﬀect somehow the fracture process. However, only 3% of the total number of beams
failed at the dimensionless displacement 5.32. This value is negligible when compared with the percentages
of failed matrix and interface beams, which are 17% and 80%, respectively [10].
Fig. 15. Crack patterns at typical load levels for the representative case: (a) Point c; (b) Point d; (c) Point e; (d) Point f.
Fig. 16. Microscopic path of the localized macro-cracks for the representative case: (a) Point c; (b) Point f.
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The internal structure depends on the particle overlay. Because the macroscopic response is inﬂuenced by
the material structure, it can be imagined that the particle overlay surely inﬂuences the behavior of the speci-
men. In this section, we dedicate to analyzing how the particle overlay inﬂuences the fracture process.
The ﬁrst stage is the linear elastic stage before the ﬁrst element has failed. The cases in Group I with the
ﬁxed particle overlay (Fig. 6) have diﬀerent ending displacement values (Fig. 8). The reason for the diﬀerence
is twofold: ﬁrstly, stress concentrations occur next to the particles due to the diﬀerence in stiﬀness among three
J.X. Liu et al. / Theoretical and Applied Fracture Mechanics 48 (2007) 269–284 283phases; secondly, initial micro-cracking occurs in the beam with maximum value of the ratio between the eﬀec-
tive stress and the tensile strength [10]. On the other hand, the cases in Group II have the same linear elastic
stage approximately (Fig. 10). Therefore, the particle overlay has a negligible inﬂuence on this stage. Of
course, the employed specimen should have so large a size that it can be the representative volume of the mate-
rial. Otherwise, due to the expected boundary eﬀect, the results in the linear elastic stage vary with the particle
overlay [10].
The second stage is the nearly linear stage from the kink to the peak-load. From Fig. 10, the cases in Group
II have the same slope approximately. Fig. 10 also shows a scatter of the peak-load. This scatter can be
explained by the dissimilar distributions of the matrix areas where the macro-crack nucleates and extends.
The peak-load level is the beginning of the localized crack [11].
Then the post-peak regime follows. As pointed out in the introduction, the ductility is associated with the
post-peak behavior. The inset of Fig. 10 shows a noticeable scatter of ductility. This can be explained with the
help of Fig. 11: in the post-peak regime, numbers of both fractured matrix and interface beams in the three
cases have diﬀerent tendencies with displacement, leading to the scatter of ductility.
Additionally, the crack pattern directly after the peak-load is analyzed. In Group I where the particle over-
lay is ﬁxed, crack patterns (Fig. 9) are nearly uniform despite the diﬀerence of material properties. In Group II
where the particle overlay varies, crack patterns (Fig. 13) are diﬀerent from one another even though material
properties are ﬁxed. Obviously, the particle overlay plays a major role in the crack pattern.
On one hand, in the pre-peak regime, specimens of diﬀerent particle overlays have nearly the same linear
elastic stage, kink and slope of the nearly linear stage (Fig. 10). On the other hand, in the post-peak, their
peak-loads, crack patterns and degrees of ductility are noticeably diﬀerent (Fig. 10). By comparing Fig. 12
with Fig. 13, the macro-crack appears only after the peak-load. Therefore, nucleation and extension of the
macro-crack are responsible for the scatter of the fracture process in the post-peak regime. As the discussion
about Figs. 15,16 in Section 7.2, the path of the localized macro-crack depends on the internal structure, i.e.
the particle overlay. In a word, variation of the particle overly can be the essential reason for the scatter of
results under the present conditions.
8. Conclusions
To solve the problem of computational eﬀort hampering the practical application of the beam lattice model
a new lattice-type fracture model, i.e. the GB lattice model, was developed. The primary idea of the GB lattice
model is the proposal of a kind of two-node and three-phase elements. In the beam lattice, an aggregate is
simulated by a cluster of 10–100 nodes. In the GB lattice, however, an aggregate is modeled by just a single
node. Therefore, much less computational eﬀort is spent in the GB lattice model.
Numerical experiments were conducted on a panel subjected to uniaxial tension. The numerical results
show that the model can reproduce the fracture process observed in real physical experiments.
Two groups of numerical experiments were employed to discuss the eﬀects of the particle overlay on the
fracture process. In Group I, where all the cases have a ﬁxed particle overlay and diﬀerent material properties,
their P–d curves are very diﬀerent due to their diﬀerent material properties, but their macro-crack paths are
approximately the same. It indicates that the particle overlay plays a major role in the macro-crack path. In
Group II, where all the cases have the same material properties and diﬀerent particle overlays and the number
of particles of each size is unchanged with the particle overlay, the specimens have nearly the same linear elas-
tic stage, kink and slope of the nearly linear stage, but their peak-loads, crack patterns and degrees of ductility
are noticeably diﬀerent. Therefore, under the conditions of Group II, the particle overlay has a negligible eﬀect
on the pre-peak behavior, but a dominant eﬀect on the post-peak behavior.
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